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Angle of frictionTo describe the ice rubble shear strength, the Mohr–Coulomb criterion is often recommended. However, its
inconsistency with some shear strength measurements was reported in the literature. The paper argues that a
main source of this inconsistency is the ice rubble tendency towards volumetric changes which are ignored in
the Mohr–Coulomb criterion. This argument is supported by the available data on bi-axial compression of ice
rubble. The inﬂuence of volumetric changes on the ice rubble shear strength can be included by the means of
the critical state concept. Several models based on this concept were reviewed; one of which, the Cam clay
model, showed the best consistencywith the bi-axial compression data and reported friction angles (presumably
close to the critical state).
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Human activity in ice-covered seas sets a great challenge for the
engineers designing structures for these areas. A proper design requires
methods evaluating the loads from the wide variety of sea ice forms
existing in nature: level ice, rafted ice, pack ice, rubble ﬁeld, ice ridges
etc. If icebergs and old ice ridges are not present, then ﬁrst-year ice
ridges give the design quasi-static load. Ice ridges consist of a sail
and keel; the latter gives the major component of the ice ridge load.
The keel of a ﬁrst-year ice ridge consists of the upper consolidated
(refrozen) layer and lower unconsolidated layer, ice rubble.
The ice rubble shear strength is the object of this study. To predict the
shear strength of ice rubble ISO/FDIS/19906 (2010) recommends the
Mohr–Coulomb criterion. This criterion establishes the relationship be-
tween shear (τ) andnormal (σn) stresseswhich holds on the failure plane:
τ ¼  cþ σn tanϕð Þ ð1Þ
where ϕ and c are the two material properties—friction angle and
cohesion. However, the application of this criterion to ice rubble
is problematic because ice rubble laboratory tests report values of friction
angles from 11° to 65° and cohesions from zero to 4 kPa (e.g. review by
Ettema and Urroz, 1989). ISO/FDIS/19906 (2010) attributes this variation
to the ambiguity of separation between frictional and cohesional compo-
nents of total shear strength. Another explanation is that majority of ice
rubble tests are direct shear, and their results dependent on a particular7491 Trondheim, Norway.
htin).
. This is an open access article underapparatus because of non-uniform stress and strain ﬁelds (Løset and
Sayed, 1993). But even limiting their analysis to unconsolidated ice rubble
anda single apparatus, TimcoandCornett (1999)have shown that the fric-
tion angle of ice rubble still vary systematically with boundary conditions.
This discussion leads to the conclusion that a simple criterion, such as
Mohr–Coulomb, cannot accurately describe the complex process of ice
rubble shear-deformation.
A number of physical phenomena contribute to the ice rubble shear
strength: friction/adhesion between ice surfaces, phase changes in ice
fragments and surrounding water, rearrangement and crushing of ice
fragments. We do not attempt to address all mentioned phenomena,
but we will show that the accounting for ice fragments rearrangement
and crushing, by introducing a volumetric parameter, will improve the
prediction of ice rubble shear strength.
Surprisingly, volumetric deformations are rarely measured in the
laboratory studies of ice rubble. Gale et al. (1987) have reported the
triaxial compression tests which include the volumetric and axial
strains. However, they have used pre-conﬁnement stresses (from
20 kPa to 800 kPa) and durations (from 2.5 to 31 h) which make the
effects of creep and adhesion prominent. As those effects are ignored
in our study, data by Gale et al. (1987) will not be considered here.
Some measures of volumetric deformations are included in few direct
shear box tests (Pustogvar et al., 2014; Wong et al., 1987; Yasunaga
et al., 2002), but those measurements are scarce and, as mentioned,
dependent on an apparatus used; so they will not be discussed further
as well. The last type of ice rubble tests that measure volumetric defor-
mations is performed in the bi-axial compression apparatus developed
by Timco et al. (1992). The measurements from this apparatus are
most suitable for our objectives and will be exploited further.
Based on the bi-axial compression data, several studies (Løset and
Sayed, 1993; Timco and Cornett, 1999) argue that the Mohr–Coulombthe CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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hand, Liferov and Bonnemaire (2005) by analysing data from the
same apparatus argue in favour of the Mohr–Coulomb criterion. The
lack of agreement between scholars and the lack of an alternative to
the Mohr–Coulomb criterion for ice rubble description motivates fur-
ther investigation. Therefore, we have two main objectives in this
paper: a) to re-evaluate the available bi-axial compression data and
show that when considerable volumetric changes occur the Mohr–
Coulomb criterion cannot be applied; b) to provide an overview of
some alternative theories based on the critical state concept and show
that these theories can overcome difﬁculties which the Mohr–Coulomb
criterion encounters interpreting the data of ice rubble bi-axial
compression.
2. Re-evaluation and summary of bi-axial compression data
2.1. Data overview and plane strain parameters
The apparatus for bi-axial compression test of ice rubble has a
1 m × 1 m × 0.5 m chamber which is equipped with activators,
displacement transducers and load cells; the full description can be
found in Timco et al. (1992). This apparatus was used in two published
studies: Sayed et al. (1992) and Løset and Sayed (1993). Both these
studies used the same type of boundary conditions—proportional
strains (the ratio between major and minor strains is kept constant for
each test); however, they used different types of ice rubble.
Sayed et al. (1992) used EGADmodel ice, whichwas grown in sheets
of 30–40 mm thickness. Subsequently, these sheets were manually
broken into pieces with the largest dimension varying from 50 mm
to 250 mm.
Løset and Sayed (1993) used freshwater ice fragments of two types:
almost cubic approximately 100 mm × 100 mm × 130 mm blocks (the
largest dimension≈ 190mm) and smaller fragments of random shapes
which had the largest dimension of about 25mm. From the two types of
ice fragments, three different conﬁgurations were made: large
(≈190 mm), small (≈25 mm), and a mixture of large and small
fragments.
Both of the studies tested ice rubble in dry and submerged
conditions. However, Løset and Sayed (1993) do not report submerged
tests because the results of submerged tests are similar to those of dry
tests for the same rubble conﬁgurations. Table 1 gives an overview of
the data and sources.
In all of these studies the results were reported using standard plane
strain invariants: maximum shear stress (t) and mean stress (s) in the
plane of shearing
t ¼ σ1−σ3
2
s ¼ σ1 þ σ3
2
ð2Þ
where σ1 and σ3 are major and minor stresses; volumetric strain and
shear strain
v ¼ ε1 þ ε3
γ ¼ ε1−ε3 ð3ÞTable 1
Overview of the data.
Source Sayed et al. (1992)
Dry/wet Dry Wet Dry
Type of ice EGAD EGAD Fresh
Dimensions 
(mm)
Thickness  
largest dim. 
Cubic, lar
100 × 10050–250 
30–40where ε1 and ε3 are major and minor strains. They also assumed
cohesionless material so that the Mohr–Coulomb criterion Eq.(1) in
plane strain conditions can be written as:
sinϕm ¼
σ1−σ3
σ1 þ σ3 ¼
t
s
ð4Þ
which can be also seen as the deﬁnition of mobilised friction angle, ϕm.
2.2. On initial values of ϕm
The dependencies of shear stress (t) on mean stress (s) in bi-axial
compression tests can be well approximated by straight lines, except
for the beginnings of tests (Løset and Sayed, 1993 and Sayed et al.,
1992). A constant t/s ratio means that the mobilised friction angle
(ϕm) is constant (Eq. 4). This fact has been previously noticed by
Cornett and Timco (1996), and they use a “limit friction angle” term
for the averaged values of ϕm which correspond to a constant level.
During the initial stage of bi-axial compression tests, the values of ϕm
are not constant and reach values up to 90°. Liferov and Bonnemaire
(2005) argue that the high values of mobilised friction angles are the
result of disregarding cohesion in Eq. (4). There could have been
some initial cohesion even though these experiments were done on
unconsolidated ice rubble (room and ice temperatures of −2 °C and
water temperature of 0 °C) with low pre-conﬁnement (only ice rubble
weight/buoyancy). However, for us it seems more reasonable that the
initial phasewas the time it took to develop a uniform stress ﬁeld inside
the ice rubble sample. All tests showing this behaviour were performed
using negative strain ratio, meaning that one wall of the chamber was
compressing ice rubble sample and another was moving away from it.
Therefore, considering the big sample volume, it is reasonable to as-
sume that the initial values of minor stress (σ3) were equal to zero.
This situation could persist until an ice rubble sample has reached sufﬁ-
cient conﬁnement to transmit stresses from the compressing wall. This
scenario can be clearly seen in (σ1, σ3) plots reported by Sayed et al.
(1992) and by Løset and Sayed (1993). When σ3 is equal to zero the
deﬁnition of mobilised angle of friction, Eq. (4), will exactly result in
90°. This explanation is also supported by the high initial porosities of
ice rubble (almost 0.4) which are reported by Løset and Sayed (1993).
Whether the initial high values of friction angles should be attribut-
ed to cohesion or to the development of uniform stress ﬁelds, it is not
important in the context of continuous deformations. The behaviour
of ice rubble during continuous deformations will be the main concern
in succeeding sections.
2.3. Summary of ϕm data and deﬁciency of Mohr–Coulomb criterion
Following the discussion in previous section, we want to summarise
themeasurements of ϕm excluding the initial stage. The results of Sayed
et al. (1992) and of Løset and Sayed (1993) show that, for themost tests,
a linear relation between shear stress andmean stress, resulting in con-
stant ϕm, is reached after approximately 5% of shear strain. Therefore,
we summarise values of ϕm for each tests by taking an average value
after 5% of shear strain (Fig. 1).
The mobilised friction angles are plotted versus the ratio of the
strain increments δε3/δε1, which is constant for each test owing toLøset and  Sayed (1993)
Dry Dry
Fresh Fresh
ge
 × 130
Random, small,
largest  dim. 25
Random, mixed, 
largest dim. 25–190 
Fig. 1. Dependence of mobilised angle of friction on strain increments ratio based on data
from Sayed et al. (1992) dry (★), Sayed et al. (1992) submerged (■), Løset and Sayed
(1993) small blocks (●), Løset and Sayed (1993) large blocks (▲) and Løset and Sayed
(1993) mixed blocks (♦).
Fig. 2. Schematic representation of the Sawtooth model.
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only considers stresses and does not depend on strains, it will require
values of ϕm ranging from 31° to 66° to describe results of biaxial
compression tests in Fig. 1. The variation is unlikely caused by non-
zero cohesion, because the values of ϕm are averaged after 5% of
shear strain. Any initial bounds between ice pieces would have
been broken, and observations (Hellman, 1984; Urroz and Ettema,
1987) argue that continuously sheared ice rubble behaves as
cohesionless material. Therefore, the Mohr–Coulomb criterion
cannot explain results in Fig. 1; the next section will explain why
this difﬁculty arises and present some alternative methods which
can resolve this issue.
3. Critical state concept and stress–dilatancy relations
It is a well-established fact that the shearing resistance of particulate
materials is linked to their volumetric behaviour. Taylor (1948) has
shown that the same type of sand when sheared from a dense state
will dilate resulting in higher friction angles and from a loose state
will contract resulting in lower friction angles; furthermore, at sufﬁ-
ciently large strains, the shearing continues without further volumetric
change. Later, Roscoe et al. (1958) have shown that, for different types
of soils as well as for assemblies of steel balls and glass beads, the
ultimate state, or the critical state, exists where unlimited shear defor-
mations can occur without any changes in volume or stress state. Fur-
thermore, the ratio between shear and mean stresses at critical state
appears to be a material constant, and it is independent of whether
the critical state has been reached from a dense or loose conﬁguration.
In terms of friction angle, this constant is called the critical state friction
angle, ϕcv (“cv” stands for constant volume). The existence of a critical
state was also shown for assemblies of irregular polygonal particles
with different aspect ratios on basis of two-dimensional distinct
element simulations (Nouguier-Lehon et al., 2005), so this concept
seems to be generally applicable to granular materials.
From studies brieﬂy outlined above, it becomes clear that the shear
strength of granular materials can be adequately described by the
Mohr–Coulomb equation (Eq.(4)) only if no signiﬁcant volumetric
changes take place during the deformation process. Since the ice rubble
data in Fig. 1 show a decreasing shearing resistance (mobilised friction
angle) for increasing contraction, it seems reasonable to include the
volumetric component in the material model through the critical state
concept. In the following subsections, we will present several relations
used for geomaterials which relate shearing resistance of the material
to its volumetric changes. These relations are often called stress–
dilatancy relations or, in terms of plasticity theories, ﬂow rules.
In general, stress–dilatancy relations involve only plastic componentsof strain increments, but we make no distinction between total and
plastic strains in this paper. Neglecting elastic components of strains is
justiﬁed by the low stress levels in the biaxial compression test data;
the absence of recoverable strains has been also observed by Sayed
et al. (1992).
3.1. Sawtooth model
A good conceptual model for understanding the ideas of constant
volume shearing and dilation is the Sawtooth model (Bolton, 1986).
If we imagine the deformation of the granular material as the motion
of two saw blades with their teeth facing each other (Fig. 2), the total
shearing resistance can be considered as the resistance of two ﬂat
surfaces sliding on each other (constant volume shearing ϕcv) plus the
resistance related to the inclination of the saw teeth (deﬁned by the
dilation angle ψ)
ϕm ¼ ϕcv þ ψ ð5Þ
where dilation angle is given by
sinψ ¼− δε1=δε3 þ 1
δε1=δε3−1
: ð6ÞBolton (1986) shows that if a coefﬁcient equal to 0.8 instead of 1.0 is
used for ψ in Eq. (5), then it predicts ϕmwhich are almost equal to those
predicted by Rowe's stress–dilatancy relation for ψ in the range from 0°
to 20°; also this choice of coefﬁcient gives the best ﬁt of experimental
data for sand. But we will keep Eq. (5) unchanged, because we are
more interested in the range of negative dilation angles (contraction)
and there are no ice rubble data to support either coefﬁcient.
3.2. Rowe's equation
Rowe (1962) derives the relation between the ratio of major stress
to minor stress and the volumetric changes for an assembly of spherical
particles, then generalises this expression to the case of random irregu-
lar particles by choosing the direction of particle sliding such that it
would minimise the internal work done by the system of particles
σ1
σ3 1−δv=δε1ð Þ ¼ tan
2 45þ ϕ f
2
 
ð7Þ
where the angle ϕf is in the range from ϕμ (angle of friction between
surfaces of the particles) to ϕcv. This range of ϕf has been introduced
by Rowe (1962) in order for Eq. (7) to be able to describe data of both
dilating and contracting sands. The guidance is that ϕμ should be used
at minimum porosities and ϕcv at maximum porosities.
Both Rowe's equation and the Sawtoothmodel can be seen as exten-
sions of Mohr–Coulomb criterion to account for the effect of volumetric
changes: they are expressed in terms of major and minor stresses and
reduce to Eq.(4) in case of the zero volumetric strain increment.
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The Cam clay model has been developed by Roscoe and Burland
(1968), and they call it the Modiﬁed Cam clay because it is a modiﬁed
version of the earlier model published by Roscoe and Schoﬁeld
(1963). However, since it has becomemorewidely used than its original
version, it is commonly called the Cam clay (Muir Wood, 1990). The
ﬂow rule of the Cam clay model is derived by assuming the equation
of work which is dissipated during plastic deformations. In contract
with previously mentioned models, the Cam Clay Model has been
developed in terms of triaxial stress/strain variables and uses all three
principle stresses. Therefore, it cannot be directly applied to the case
where only major and minor stresses are available. However, Roscoe
and Burland (1968) show that if elastic strains in out-of-plane direction
can be neglected, it is possible to rewrite the Cam clay ﬂow rule in
terms of plane strain stress invariants and increments of shear and
volumetric strains:
δγ
δv
¼ 2t=s
M=
ﬃﬃﬃ
3
p 2
− t=sð Þ2
ð8Þ
where M is a critical state constant which is obtained from triaxial
compression test.
We should mention that the elasto-plastic version of Mohr–
Coulomb model has a ﬂow rule as well. This ﬂow rule states that
the ratio between volumetric and shear strain increments is equal
to a constant (e.g. Muir Wood, 2004) which is quite similar to the idea
of the Sawtooth model. Therefore, this ﬂow rule is not considered
separately.4. Application of stress–dilatancy relations to bi-axial
compression data
The critical state theories mentioned above have been developed to
describe the shear strength of soils, but since they have been shown to
be valid for granular materials in general, they can be useful for ice
rubble as well. Since these theories assume the existence of a constant
ϕcv for a material, we can check the existence of such a constant for
ice rubble. The constant strain ratio in bi-axial compression tests
completely deﬁnes the volumetric behaviour, so the data in Fig. 1
together with the stress–dilatancy relations can be used to calculate
ϕcv from each test.Fig. 3. Critical state friction angles calculated by the Sawtooth, Rowe's and Cam claymodels bas
Sayed (1993) small blocks (●), Løset and Sayed (1993) large blocks (▲) and Løset and Sayed4.1. Predictions of the Sawtooth model
From Eqs.(5) and (6) together with the expression for mobilised
angle of friction (Eq. (4)), we can derive values of critical state friction
angles using the Sawtooth model:
ϕcv ¼ ϕm þ
δε1=δε3 þ 1
δε1=δε3−1
: ð9Þ
The calculated values of ϕcv range from 46° to 85° (Fig. 3).
4.2. Predictions of Rowe's equation
The angle ϕf in Rowe's equation (Eq. (7)) can be substituted by ϕcv
because there was no dilation in all bi-axial compression tests and the
ice rubble was initially in a loose state according to porosities reported
by Løset and Sayed (1993). Expressing the ratio of major stress to
minor stress in terms of the mobilised friction angle (Eq. (4)) and
substituting the deﬁnition of volumetric strain (Eq. (3)), ϕcv can be
computed from Eq. (7) as:
ϕcv ¼ 2 arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ sinϕm
1− sinϕm
−
δε1
δε3
 s
−45
 !
: ð10Þ
The values of ϕcv predicted by Rowe's equation range from 46° to
68° (Fig. 3).
4.3. Predictions of Cam clay ﬂow rule
The ratio of shear to volumetric strain increments, δγ/δv, can be
deﬁned via the ratio of major to minor strain increments from Eq. (3),
and the stress ratio, t/s, can be expressed in terms of ϕm (Eq. (4)).
Substituting δγ/δv and t/s into Eq. (8), we can compute M using the
Cam Clay ﬂow rule as:
M ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 sinϕm sinϕm þ
2 1þ δε3=δε1ð Þ
1−δε3=δε1
 s
: ð11Þ
To compare this result to other two models, we use the expression
connecting M and the critical state angle of friction (Roscoe and
Burland, 1968):
sinϕcv ¼
3M
6þM : ð12Þ
The resulting values of ϕcv range from 31° to 52° (Fig. 3).ed on data from Sayed et al. (1992) dry (★), Sayed et al. (1992) submerged (■), Løset and
(1993) mixed blocks (♦).
Fig. 4.Variation ofmobilised angles of friction (⧯), whichweremeasured, and critical state angles of friction (⧳), whichwere derived using differentmodels, for different ice rubble types;
markers and bars denotemean andmin/max values of the corresponding angles of frictionwithin each ice rubble type; alsomean andmin/max angles of friction (close to the critical state)
reported by Hellman (1984) (⧲).
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5.1. Consistency of ice rubble shear strength in bi-axial compression test
The summarised bi-axial compression data include the different
types of ice rubble which, presumably, have different shear properties,
but we expect these properties to be the same within a single type. To
verify our expectation, we sorted out the values of ϕm (Fig. 1) and ϕcv
(Fig. 3) and calculated the mean, minimum and maximum values of
the corresponding friction angles for each ice rubble type (Fig. 4).
For EGAD ice rubble, the maximum absolute deviations of ϕm in dry
and submerged conditions are 16° and 14°. While, the corresponding
maximum absolute deviations of ϕcv are: 5° and 7° for Sawtooth
model, less than 1° and 3° for Rowe's model, 3° and 2° for Cam clay
model. Based on values of ϕcv for EGAD ice rubble we can conclude
that they are unaffected by the presence of water. This conforms with
the observation of Løset and Sayed (1993) for freshwater ice rubble
that stress paths of submerged test were similar to those of dry tests.
The observations similar to those for the EGAD ice rubble are made
for the freshwater ice rubble made of big (≈190 mm) and mixed
(≈190 mm and ≈25 mm) ice fragments. The maximum absolute
deviations of ϕm are 11° and 10° for big and mixed fragments
correspondingly; the absolute maximum deviations of ϕcv are: 7° and
6° for Sawtooth model, 5° and 1° for Rowe's model, 4° and 4° for Cam
clay model.
The only exception from the previously observed trend is the
freshwater ice rubble with small (≈25 mm) ice fragments, where
Eq. 1 gives the smallest absolute deviation (Δϕm is 4°, while Δϕcv are:
16° for the Sawtooth model, 9° for Rowe's equation and 8° for the
Cam clay model). This behaviour can be attributed to the shape of
particles. If particle shapes favour interlocking and stress levels are not
sufﬁcient to break the particles, then the shear strength decrease due
to the particle rearrangement is restricted. One could argue that the
small variation of ϕm values is a manifestation of the specimen size ef-
fect: a smaller ratio of the particle size to the size of the testing chamber
just gives less scatter. But that contradicts the good repeatability of
results for bigger blocks: there are two tests on EGAD ice rubble withδε3/δε1 =−0.575 and resulting values of ϕm are indistinguishable in
Fig. 1. Moreover, if the variation of ϕm were solely due to the specimen
size effect, this variation would be of random character, and the critical
state models would not decrease this variation for all other cases.
Therefore, for most cases, the values of ϕm deﬁned by the Mohr–
Coulomb criterion give less consistent description of bi-axial compres-
sion data than the values of ϕcv, especially when derived using Rowe's
and the Cam claymodels. In the only case where this situation is differ-
ent, the values ofϕm are also decreasingwith increasing strain ratio, but
this decrease is slower than it is predicted by the critical state models.
Overall, Fig. 4 shows that the application of the Mohr–Coulomb criteri-
on is limited to the cases where no volumetric changes take place. Be-
cause when they do occur, even for the same type of ice rubble, it is
impossible to deﬁne a unique value of ϕm. Ignoring volumetric behav-
iour of ice rubble can also partially explain the striking variation in
angles of friction reported in the literature.
5.2. Absolute values of ϕcv
From Fig. 4, we can notice that the critical state friction angles which
are calculated by the Cam clay ﬂow rule are lower than those which are
calculated by the Sawtooth and Rowe's equations. The question arises
which absolute values of ϕcv are more reasonable? In answering this
question, the problem is that none of the published ice rubble studies
reports values of critical state friction angle. In their review of ice rubble
shear strength, Ettema and Urroz (1989) report a “continuous shear
angle of friction”, which they deﬁne as an angle of friction “after consid-
erable straining of the accumulation, when further straining occur
without signiﬁcant change in either porosity or conﬁning pressure”.
In contrast, the deﬁnition of ϕcv requires the volume (porosity) and
complete stress state (not only conﬁning pressure) to be unchanged
when at the critical state. Furthermore, in the studies reviewed by
Ettema and Urroz (1989) no measurements of volumetric changes
were taken so it is impossible to determine whether or not a critical
state was reached. However, some friction angles reported by
Hellmann (1984)might be close to those at a critical state, though a for-
mal proof cannot be given. He has performed direct shear tests onmush
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during shearing. At his third stage, the shear stress drops and remains at
a lower level, while the normal stress increases to a constant level and
also remains constant until the end of a test. He also reports that the di-
lation occurs for the shear velocities of about 1 mm/s and 10 mm/s be-
fore the third stage (we are not including his data for 100mm/s because
for them therewas nodilation andmost likely a critical porositywas not
reached). From this description, it seems that in Hellmann's tests after
the dilation, corresponding to the peak shear stress, the ice rubble
could reach a critical state. The only difference is that he averages angles
of friction for this stage right after the peak shear stress and not after the
constant stress levelwas reached. Hellmann (1984) has tested three dif-
ferent types of ice rubble, and two of them consist of much smaller ice
fragments then those used in the bi-axial compression tests. However,
the third one consists of cylindrical freshwater ice fragments which
are approximately from 10 mm to 70 mm long, so it is comparable to
small and mixed fragments conﬁgurations reported by Løset and
Sayed (1993). Fig. 4 shows mean, minimum and maximum values of
friction angles reported by Hellman (1984) for his third stage. These
values are similar to the critical state friction angles calculated by the
Cam clay ﬂow rule which is another argument in favour of this model.
5.3. Modelling contraction and its importance for full scale ice rubble
We should indicate that the predictions of the Sawtooth and Rowe's
models do not contain values of ϕcv where δε3/δε1 = 0 because their
equations (Eqs. (9),(10)) are not deﬁned for this ratio of strain incre-
ments, while there is no such a problem for the Cam clay ﬂow rule. The
inability of the Sawtooth and Rowe's models to describe the case of zero
minor strain increment may be that these relations have been primarily
developed topredict the peak shear strength of dense sandswhichunder-
go dilation (Bolton, 1986; Rowe, 1962). In contrast, the Cam clay model
was developed to predict the behaviour of ‘wet’ clays (Roscoe and
Burland, 1968) which contract when sheared. Therefore it is not surpris-
ing that the Cam clay ﬂow rule is more suitable for description of bi-axial
compression data where ice rubble mainly undergoes contraction.
The importance of modelling ice rubble contraction is not limited to
laboratory tests; it also can be important for the full-scale ice rubble be-
haviour. In nature, ice rubble is submerged into thewater and subjected
to low conﬁnement stresses, so it is likely in a loose state. The conﬁne-
ment stresses can increase due to grounding or interaction with an
offshore structure. These processes will force ice rubble to contract
and its shearing resistance will change (ϕm) making application of the
Mohr–Coulomb criterion impossible. In contrast, the models based on
critical state concept are able to account for the changes in shear
strength occurring during such volumetric deformations.
6. Conclusions
The paper gives a new interpretation of the bi-axial compression
tests (Løset and Sayed, 1993; Sayed et al., 1992) that uses the critical
state concept to incorporate the effect of volumetric changes on ice rub-
ble shear strength.We argue that the initial values of stressesmeasured
in bi-axial compression apparatus represent the non-uniform stress
state, so they should be excluded in the calculation of mobilised friction
angles. For this reason, only data pointswhere the shear strain exceeded
5% were included in our analysis. Our main conclusions are:
• When ice rubble undergoes volumetric changes the Mohr–Coulomb
criterion cannot give a consistent description of ice rubble shear
strength, while the models based on critical state concept can;
• The variation of critical state friction angles and competence in
describing material contraction make the Cam clay model a betterchoice for the prediction of ice rubble shear strength than the Sawtooth
and Rowe's models. In addition, the Cam clay model predicts the
critical state friction angles from the bi-axial compression data
which are in the range of the friction angles (presumably close to
the critical state) measured by Hellmann (1984) in the direct
shear tests.
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